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This article presents an eﬃcient explicit dynamic formulation for modeling curved and twisted carbon nanotubes
(CNT’s) based on a recently-developed intrinsic continua description (i.e., the dynamic state given by curvatures, strains,
and velocities only) [Hodges, D.H., 2003. Geometrically-exact, intrinsic theory for dynamics of curved and twisted, aniso-
tropic beams. AIAA Journal 41(6), 1131–1137.] together with a ﬁnite element discretization incorporating atomistic poten-
tials. This approach oﬀers several advantages primarily related to the model’s computational eﬃciency: (1) the resulting
partial diﬀerential equations governing motion are in ﬁrst-order form (i.e., have ﬁrst-order time derivatives only), (2)
the system nonlinearities appear at low order, (3) the intrinsic description incorporating curvature allows low-order inter-
polation functions to describe generally curved and twisted nanotube center-lines, (4) inter-element displacements, slopes,
and curvatures are matched at the element boundaries, and (5) ﬁnite rotational variables are absent, along with their
inherit complexities. In addition, the developed model and ﬁnite element discretization are able to capture the nanotube’s
bulk (equivalently, zero-temperature) dynamic response, without the expense of calculating the dynamic response of indi-
vidual atoms as per Molecular Dynamics models. Simulation results are presented which illustrate the bulk dynamic
response of a typical CNT to axial, bending, and torsional loading. Results from the simulations are compared to similar
results available in the literature, and close agreement is documented.
 2006 Elsevier Ltd. All rights reserved.
Keywords: Nanotube; Nanoscale material; Finite element; Dynamic; Nonlinear; Computational nanomechanics; Reduced order1. Introduction
The intent of this study is to develop a computationally eﬃcient, dynamic, model of a carbon nanotube
(CNT) for later incorporation into a general framework capable of simulating CNT nanocomposites, i.e., com-
posite materials composed of a matrix material reinforced by ﬁber-like carbon nanotubes. The developed model0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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move from the laboratory (where experiments are carried out on only a handful of nanotubes) and into appli-
cations – e.g., microprocessing chips composed of many millions of nanotube circuits. It is anticipated that
nanocomposites may be used in diverse applications where the geometry and loading may not be of a simplistic
nature. It is also anticipated that a large-degree of accuracy (and thus a small discretization length-scale) will be
required of any future nanocomposite model. For these reasons, this eﬀort focuses on developing a reduced-
order dynamic nanotube ﬁnite element suitable for incorporation into a general ﬁnite element framework.
Several computational models exist in the literature which can be considered as candidate ﬁnite elements for
simulating the mechanical response of a carbon nanotube. Attention here will be focused narrowly on the lit-
erature detailing computational nanotube modeling. Comprehensive literature reviews which detail the current
state-of-the-art of all other carbon nanotube and nanocomposite modeling approaches are provided by Qian
et al. (2002) and Srivastava et al. (2003).
In addition to approaches using classical Molecular Dynamics (Iijima et al., 1996; Yakobson et al., 1997) or
Tight-Binding Molecular Mechanics (Hernandez et al., 1998), both of which result in elements which are pro-
hibitively large in degrees of freedom, a number of reduced-order continuum-like computational approaches
have also been developed. These approaches can be broadly separated into general (continuum) approaches
and more-speciﬁc elasticity approaches in which the nanotube is modeled using elastic truss, beam, or shell
theories. Numerous among the general approaches are those that bridge molecular mechanics and continuum
mechanics, such as the Quasi-Continuum Method (Tadmor et al., 1996, 1999), the Coarse-Grained Molecular
Dynamics Method (Rudd and Broughton, 1998), the Hand-Shaking Methods (Abraham et al., 1998;
Belytschko and Xiao, 2003), the Atomistic-Continuum Homogenization Method (Chung and Namburu,
2003), and the Atomic-Scale Finite Element Method (Liu et al., 2004). A structural mechanics approach
(Li and Chou, 2003) has also been introduced which treats the nanotube’s carbon-to-carbon bonds as sources
of axial, bending, and torsional stiﬀness. Although these methods address directly, or can be applied to,
carbon nanotubes, they have not beneﬁted signiﬁcantly from dimension or order reduction and as a result,
as pertains to this eﬀort, contain a prohibitively large number of degrees of freedom.
Elasticity models have beneﬁted from dimension and order reduction and can be further divided into one-
dimensional truss-like/beam-like models and two-dimensional shell-like models. Truss and beam models sim-
ilar to that detailed in Odegard et al. (2002) have been used to determine a nanotube’s eﬀective axial, bending,
and torsional rigidities. Extensions of these models have not been developed for obtaining a nanotube’s
response to general three-dimensional loading, as is desired here. However, shell models (in discretized form
(Arroyo and Belytschko, 2002, 2003; Pantano et al., 2004)) have been developed which are capable of simu-
lating the three-dimensional equilibrium response of a carbon nanotube, to include buckling of the tube’s inner
wall in response to axial, bending, and torsional loading. It should be noted that to simulate inner wall buck-
ling requires a large number of elements and a nanotube undergoing relatively large displacements. In addi-
tion, in most cases1 (Arroyo and Belytschko, 2002) when buckling does occur, the nanotube’s internal energy
versus deformation curve, and its derivative a short distance away from the buckling point, do not change
appreciably as a result of the buckling instability. As a result, even during large deformations, the structural
response (resisting forces and moments and the center-line conﬁguration) of the nanotube can be predicted
without large error irrespective of capturing a buckled inner wall. Considering further that the average length
of a nanotube is measurable in hundreds of nanometers, the extreme degree of nanocomposite bulk deforma-
tion required to induce wall buckling should not be expected in most applications. It is therefore reasonable to
expect further gains in computational eﬃciency can be achieved, with little loss in accuracy, by reducing the
dimension of the nanotube model and (importantly) considering a fully three-dimensional deformation state.
The latter requires a state description capable of decomposing two components of curvature and one compo-
nent of torsion, of which there are several.
The remainder of this work is concerned with developing such a model based on a recently developed intrin-
sic continua formulation (Hodges, 2003) together with a ﬁnite element discretization incorporating atomistic1 The one notable exception is twist buckling at large angles of twist where a signiﬁcant energy drop and slope change occurs due to wall
collapse spanning nearly the entire nanotube’s length.
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axis cross-sectional shear. The developed model is also the ﬁrst reduced-order CNT model known to the
author capable of determining both static and bulk dynamic responses to external loading.
2. CNT intrinsic formulation
A ﬁnite element model for a carbon nanotube is developed next using an atomistic-based intrinsic formu-
lation which follows closely the kinematics and governing equations of a recently developed anisotropic con-
tinua model (Hodges, 2003). In the current context, intrinsic refers to a description of the nanotube
conﬁguration without reference to displacements and rotations, and instead with reference to curvatures
and strains. This approach oﬀers several advantages: (1) the resulting partial diﬀerential equations governing
motion are in ﬁrst-order form (i.e., have ﬁrst-order time derivatives only), (2) the system nonlinearities appear
at low order, (3) the intrinsic description incorporating curvature allows low-order interpolation functions to
describe generally curved and twisted nanotube center-lines, unlike with a choice of an extrinsic description
tied to displacements for which higher-order (and thus more degrees of freedom) interpolants are necessary,
(4) inter-element displacements, slopes, and curvatures are matched at the element boundaries, and (5) ﬁnite
rotational variables are absent, along with their inherit complexities. In addition, the developed model and a
subsequent ﬁnite element discretization are able to capture the nanotube’s bulk dynamic response, without the
expense of calculating the dynamic response of individual atoms as in Molecular Dynamics simulations.
Consider the initially curved and twisted nanotube, shown in Fig. 1, in which position along the center-line
of the nanotube is given by r and for which a set of orthogonal unit basis vectors bi are used to locate points
away from the center-line. Tangent to the center-line is the basis vector b1 while b2, b3 are considered to be
ﬁxed in the nanotube cross-section. As such, distance along the center-line is denoted by x1 and oﬀ-center-line
points have at least one non-zero x2, x3. Spatial changes in this initial triad are given by b
0
i ¼ k bi where k is
the curvature vector with components ki relative to bi such that k1 measures the initial twist and k2, k3 measure
the b2, b3 components of the initial center-line curvature. In the deformed conﬁguration, a new center-line R is
measured by arc distance s while points on the deformed cross-section are referenced to the orthogonal unit
basis vectors Bi where, due to cross-sectional shear, B1 is not tangential to R. Instead, B2 and B3 are considered
to be unit vectors in the direction of convected b2 and b3 and B1 is deﬁned by B1 = B2 · B3. Note that for small
deformations, the x1 spatial changes in the Bi basis can be expressed as B
0
i ¼ K  Bi where K denotes the
deformed conﬁguration’s curvature vector with components Ki relative to Bi. In addition to the new center-
line curvature, the center-line is allowed to stretch (as measured by strain component c11) and the nanotube
cross-section is allowed to shear in both transverse directions (as measured by c12 and c13). Together, the strain
components are stored in a strain vector given by c = [c11,2c12, 2c13]
T.
The intrinsic equations of motion governing the nanotube response to external loads follow those presented
by Hodges (2003, 1990) for an initially curved and twisted anisotropic continua,x
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Fig. 1. Geometry of a nanotube in the undeformed and deformed conﬁgurations.
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M 0 þ K M þ ðe1 þ cÞ  F þm ¼ _H þXH þ V  P ð1bÞwhere all quantities are assumed to have x1-dependence only such that this ﬁrst set of equations relates x1-spa-
tial changes in the internal force resultant F and internal moment resultant M, both acting through the de-
formed nanotube’s cross-section, to the time rate-of-change of linear momentum per unit length P
(associated with velocity V) and angular momentum per unit length H (associated with angular velocity
X). The net distributed forces per unit length are captured by f, while the net distributed moments per unit
length are captured by m. Measured relative to Bi the unit vector e1 is given by [100]
T. A second set of equa-
tions relates x1-spatial changes in the velocity V and angular velocity X to time derivatives of the net curvature
j (i.e., K–k) and the strain c,X0 þ K X ¼ _j; ð1cÞ
V 0 þ K  V þ ðe1 þ cÞ X ¼ _c: ð1dÞThe general momenta and velocities are related through the mass per-unit-length l; cross-sectional mass
moments and product of inertia i2, i3, i23; and centroidal oﬀsets from the center-line x2;x3,P 1
P 2
P 3
H 1
H 2
H 3
8>>>>><>>>>>:
9>>>>>=>>>>>;
¼
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; ð2Þwhere subscripts refer to the Bi basis vectors. Note that if position X of the nanotube center-line at any loca-
tion x1 is desired, V can be integrated with respect to time.
The formulation is completed with speciﬁcation of (generally anisotropic) constitutive equations relating
deformation metrics (j,c) to internal stress resultants (F, M). Herein, the constitutive relationship is derived
directly from the nanotube crystalline structure and the atomistic potential energy function. Speciﬁcally, a
strain energy function u per unit length is assumed such thatF ¼ ou
oc
; M ¼ ou
oj
: ð3ÞAs discussed in the next section, the bridge to atomistic mechanics is accomplished by equating strain
energy density u to the energy of a four-atom representative volume element (rve) calculated using any appro-
priate atomistic potential.
3. Atomistic-based constitutive modeling
A carbon nanotube can be described as a graphene sheet rolled about a particular direction C described by
the so-called chiral angle /, as shown in Fig. 2. Graphene is a particular crystalline lattice form of carbon in
which each carbon atom is bonded to three neighboring carbon atoms, forming a hexagonal arrangement. In
Fig. 2, straight line segments depict the hybridized sp2 bonds between the carbon atoms, while the carbon
atoms themselves (not shown) exist at the intersections of the line segments. Accordingly, each hexagon holds
six carbon atoms.
In general, a crystalline lattice L in its reference (unloaded) conﬁguration is comprised of a number of inter-
penetrating Bravais lattices whose points are given byX ¼ Miai þ pk; with i ¼ 1; 2; 3;Mi 2 Z; ð4Þ
where X are the lattice intersection points, ai are the linearly independent (although not necessarily orthogo-
nal) lattice vectors or Bravais base vectors, and pk are the shift vectors for the inner atoms. For N + 1 atoms in
C1
a
2a
(n,m)
(1,0) (2,0) (3,0) 
(0,1) (1,1) 
(0,2) (1,2) (2,2) (-1,2) 
Unit Cell 
x1
w h
C
T
2
φ 
1
3
4
Representative Volume Element Rolled Graphene Sheet - Nanotube 
θ 
b2
b1, 1 x
b3
T
Graphene Sheet  
φ 
Fig. 2. Geometry of the graphene sheet; representative volume element; tube-like conﬁguration.
878 M.J. Leamy / International Journal of Solids and Structures 44 (2007) 874–894the basis, the index k runs from 0 to N (Zanzotto, 1992). For graphene, two Bravais lattices are present and
therefore N equals 1. Note that since graphene is a planar crystal, only the base vectors a1 and a2 need be
considered, where each has an undeformed length l0 equal to 2.46 A˚. These base vectors can be used to deﬁne
the chiral vector C: (n,m). The length of the chiral vector is given by C ¼ kCk ¼ l0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ nmþ m2p , which when
divided by 2p yields the nanotube radius r. Due to periodicity of the lattice, each choice of C deﬁnes a unit cell,
which is deﬁned to be the smallest rectangle deﬁned by C, and a translate of C, such that all four corners of the
unit cell coincide with an atomic lattice point. The translation vector is given by T whose length is well doc-
umented, see for example (Harris, 1999), and is given by,T ¼ kTk ¼ l0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n02 þ n0m0 þ m02
p
¼
ﬃﬃﬃ
3
p
C=dH n m 6¼ 3zdH;ﬃﬃﬃ
3
p
C=ð3dHÞ n m ¼ 3zdH;
(
ð5Þwhere dH denotes the highest common divisor of n and m and z denotes any integer. The height h and width w
of the unit cell will be used interchangeably with T and C. Note that many stable carbon nanotube conﬁgu-
rations are known to exist which result in a variety of admissible radii (r’s) and chiralities (/’s). Two conﬁg-
urations in particular are the armchair tubes [30 chiral angle /; C: (n,n)] and the zig-zag tubes [0 chiral angle
/; C: (n, 0)].
The stored potential energy of an atomistic system can be modeled using an appropriate atomistic potential
function. These potentials typically see application in Molecular Dynamics (MD) simulations, but have also
recently been applied to reduced-order or continuum-like models (Belytschko et al., 2002; Zhang et al., 2002;
Arroyo and Belytschko, 2003). For a given set of interacting atoms, the atomistic potential function computes
the atomistic energy based on bond lengths (i.e., two-body potentials), and in many cases, bond lengths and
bond angles (i.e., three-body potentials). An alternative means to compute atomic energy is through use of the
z3
R(x1)
z1
z2
R*(x1; a2, a3)
R*(x1+ dx1; b2, b3)
Fig. 3. Small nanotube element used to derive bond lengths and angles in terms of the intrinsic metrics net curvature j and strain c.
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not incorporated into the present formulation.
Examples of commonly used potentials for carbon systems include the Morse potential, a two-body poten-
tial, and the Modiﬁed Morse and Brenner potentials (Brenner, 1990), three-body potentials. Although com-
monly accepted for carbon nanotubes, the Brenner potential does not exhibit a clear separation between the
bond-generated energy and the angle-generated energy, which is necessary for calculating the energy of this
work’s representative volume element. A recent Modiﬁed Morse potential (Belytschko et al., 2002) does have
this feature, and is therefore the potential chosen for this work. The potential is detailed in Section 3.2.
3.1. Conﬁguration kinematics
In order to implement the chosen atomistic potential function, the relative position of any two atoms away
from the deformed center-line must be known. These relative positions can then be used to identify the bond
length and, using three atoms, the bond angles. Ideally, in keeping with the intrinsic nature of the formulation,
these relative positions should be expressed in terms of the intrinsic metrics net curvature j and strain c. This is
accomplished by introducing an expansion of the atomic position vectors and the basis vectors Bi(x1), as fol-
lows. For brevity, presentation of the expansion is limited to low orders. However, in order to capture the
center-line’s dependence on geometric torsion,2 the numerically implemented expansions are up to and includ-
ing Oðdx31Þ terms.
Fig. 3 illustrates the three position vectors required to develop the intrinsic bond lengths and angles, includ-
ing the position vector in the deformed conﬁguration R*(x1) of any point on the cross-section originally occu-
pying material point (x1, x2(x1) = a2, x3(x1) = a3) and the position vector R*(x1 + dx1) of any second point
originally occupying material point (x1 + dx1, x2(x1 + dx1) = b2, x3(x1 + dx1) = b3). It is convenient to express
R*(x1) using the center-line position R(x1) such that in the deformed conﬁguration,2 InsRðx1; a2; a3Þ ¼ Rðx1Þ þ a2B2ðx1Þ þ a3B3ðx1Þ; ð6Þ
and R*(x1 + dx1) can be expressed as,Rðx1 þ dx1; b2; b3Þ ¼ Rðx1 þ dx1Þ þ b2B2ðx1 þ dx1Þ þ b3B3ðx1 þ dx1Þ ð7Þ
In order to calculate distances and angles using R*(x1) and R*(x1 + dx1), R*(x1 + dx1) must be expressed in
terms of the basis vectors Bi at x1. This can be accomplished using a Taylor expansion applied to both
Bi(x1 + dx1) and to R(x1 + dx1). Note that it is critical to expand both the position vector and the basis vec-
tors, as opposed to just the position vector as per deriving the local canonical form of a space curve. As anpection of the local canonical form, e.g., (do Carmo, 1976), reveals that geometric torsion ﬁrst appears at O(ds3).
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center-line would not be accounted for if B2(x1 + dx1), B3(x1 + dx1) remained oriented with B2(x1), B3(x1).
The basis vectors can be expanded to Oðdx31Þ as,Biðx1 þ dx1Þ ¼ Biðx1Þ þ B0iðx1Þdx1 þ
1
2
B00i ðx1Þdx21 þOðdx31Þ
¼ Biðx1Þ þ ðKðx1Þ  Biðx1ÞÞdx1 þ 1
2
ðKðx1Þ  ðKðx1Þ  Biðx1ÞÞ
þ K 0ðx1Þ  Biðx1ÞÞdx1 þOðdx31Þ; ð8Þ
and the center-line position can be expanded in a similar manner,Rðx1 þ dx1Þ ¼ Rðx1Þ þ R0ðx1Þdx1 þ 1
2
R00ðx1Þdx21 þOðdx31Þ; ð9Þwhere R 0(x1) = (1 + c11)B1(x1) + 2c12B2(x1) + 2c13B3(x1). Using both expansions the ﬁnal expression for
R*(x1 + dx1) is given as,Rðx1 þ dx1; b2; b3Þ ¼ Rðx1Þ þ ½ð1þ c11 þ b3K2  b2K3Þdx1B1ðsÞ þ ½b2 þ ð2c12  b3K1Þdx1B2ðx1Þ
þ ½b3 þ ð2c13 þ b2K1Þdx1B3ðx1Þ þOðdx21Þ: ð10ÞFrom (6) and (10), the relative position rab of two atomic positions in the deformed conﬁguration can now be
given by,rab ¼ ½ð1þ c11 þ b3K2  b2K3Þdx1B1ðx1Þ þ ½ðb2  a2Þ þ ð2c12  b3K1Þdx1B2ðx1Þ þ ½ðb3  a3Þ
þ ð2c13 þ b2K1Þdx1B3ðx1Þ þOðdx21Þ: ð11ÞWith development of an intrinsic relative position measure rab, the bond lengths and bond angles are expressed
in terms of the intrinsic deformation metrics,rab ¼ krabk; cosðhabcÞ ¼ rab  rackrabkkrack : ð12Þ3.2. Modiﬁed Morse potential
The atomistic potential chosen for this study is a Modiﬁed Morse Potential (Belytschko et al., 2002),
although it is noted that the formulation is not dependent on any speciﬁc atomistic potential. As discussed
in Belytschko et al. (2002), if the classical Morse Potential is to be used for modeling CNT’s, a three-body
term accounting for angular position must be included in order to stabilize a tubular position. As such, the
modiﬁed potential then takes the formE ¼ Estretch þ Eangle;Estretch ¼ Def½1 ebðrr0Þ2  1g;Eangle ¼ 1
2
khðh h0Þ2½1þ ksexticðh h0Þ4 ð13Þwhere Estretch is the bond energy due to bond stretch, Eangle is the bond energy due to bond angle-bending, r is
the length of the bond, and h is the current angle of the adjacent bond. The parameters used in all simulations
herein correspond to sp2 bonds and are given byr0 ¼ 1:39 1010m; De ¼ 6:03105 1019 Nm; b ¼ 2:625 1010 m1; h0 ¼ 2:094 rad;
kh ¼ 0:9 1018 Nm=rad2; ksextic ¼ 0:754 rad4:Performance of this potential for strains below 10% has been shown to compare very well (Belytschko et al.,
2002) to the more commonly accepted Brenner potential (Brenner, 1990) – the advantage of adopting the
Modiﬁed Morse Potential is that the stretching and angular contributions are distinct, which is important
when forming a representative volume element, as discussed next.
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The connection between the deformation state variables (V,X,j,c) and the stored atomic energy can be
made using representative volume elements at pre-deﬁned locations x1. The rve is instrumental in allowing
atomic motion to be sampled (and averaged), thereby reducing the order of the model, without the need to
calculate the total atomic energy present among all of the atoms. Strain energy density per unit length u is
connected to rve atomistic energy Erve as follows:u ¼ E
rve
lrve
; ð14Þwhere lrve is a characteristic length of the rve. Note that for each x1 in which the internal forces F and moments
M are to be calculated, several rve’s should be evaluated (and energy averaged) corresponding to several loca-
tions on the nanotube surface. In this way, using bending as an example, stretching of atomic bonds at one loca-
tion on the perimeter, and compression of atomic bonds at an opposing location, is appropriately captured.
Following the development of Arroyo and Belytschko (2003), a four-atom rve is chosen as shown in Fig. 2.
In contrast to Arroyo and Belytschko (2003), the present approach requires a strain energy density per unit
length, which is developed as follows. The chosen rve consists of three bond lengths and three bond angles
covering completely the three bond length and angle varieties in each graphene hexagon. However, for the
graphene hexagons, every bond length is shared by two hexagons, while each bond angle is unique to each
hexagon. As such, the three rve bonds represent the three net bond lengths contained in a single graphene
hexagon, while the three rve angles represent only half of the net bond angles in the same graphene hexagon.
This dictates that an energy per unit area be deﬁned aserve  E
rve
AHex
¼ E
rve
stretch þ 2Erveangle
AHex
; ð15Þwhere Ervestretch is calculated from the Modiﬁed Morse Potential summing the stretch energy from the three rve
bond lengths, Erveangle is calculated summing the angle-bending energy using the three rve bond angles, and AHex
represents the area of the graphene hexagon (5.019743 A˚2). The ﬁnal desired expression for energy per unit
length u can now be formed from the unit cell dimensions width w and height h,u ¼ e
rve  h  w
h
¼ erve  w ¼ E
rve
stretch þ 2Erveangle
AHex
 w: ð16ÞFor completeness of the discussion, the rve characteristic length is identiﬁed from (14) and (16) as lrve = AHex/w.
To calculate the internal forces and moments, derivatives of u with respect to the deformations c and jmust
be formed. These derivatives can be calculated as follows:F ¼ ou
oc
¼ w
AHex
oErvestretch
orij
orij
oc
þ 2 oE
rve
angle
ohijk
ohijk
oc
 
; M ¼ ou
oj
¼ w
AHex
oErvestretch
orij
orij
oj
þ 2 oE
rve
angle
ohijk
ohijk
oj
 
; ð17Þwhere i, j, k are indices representing the four rve atoms such that the non-zero bond lengths rij include only
{r12, r13, r14} and the non-zero bond angles hijk include only {h123, h124, h134}. These quantities can be calcu-
lated from the deformation state using the procedure described in Section 3.1, while the complexity associated
with ﬁnding closed-form expressions for their derivatives with respect to c and j require ﬁnite diﬀerence
approximations in the numerical implementation. It is worth noting at this stage in the development that
the link between bulk-scale response and atomistics has been accomplished without the need for assuming
a reliance on bulk-scale material descriptors, such as Young’s modulus, as witnessed by their absence in
the stress resultants (F,M) given by (17).
With the viewpoint that atom 1 is located at x1, and that the other three atoms are located a small distance
dx1 away, the parameters {x1, dx1, a2, a3, b2, b3} required to evaluate the expressions in Section 3.1 are as
follows:xð1Þ1 ¼ 0xð1Þ1 þ gx1 ; hð1Þ ¼ 0hð1Þ þ gh; að1Þ2 ¼ r cosðhð1ÞÞ; að1Þ3 ¼ r cosðhð1ÞÞ; ð18aÞ
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p
3
þ /
 
þ gx1 ; hð2Þ ¼ 0hð1Þ þ
0b
r
sin
p
3
þ /
 
; bð2Þ2 ¼ r cosðhð2ÞÞ; bð2Þ3 ¼ r cosðhð2ÞÞ;
ð18bÞ
dxð3Þ1 ¼ 0b cos /
p
3
 
þ gx1 ; hð3Þ ¼ 0hð1Þ þ
0b
r
sin / p
3
 
; bð3Þ2 ¼ r cosðhð3ÞÞ; bð3Þ3 ¼ r cosðhð3ÞÞ;
ð18cÞ
dxð4Þ1 ¼ 0b cosð/Þ þ gx1 ; hð4Þ ¼ 0hð1Þ 
0b
r
sinð/Þ; bð4Þ2 ¼ r cosðhð4ÞÞ; bð4Þ3 ¼ r cosðhð4ÞÞ; ð18dÞwhere the atom referenced is indicated by a right superscript in parentheses, an initial location at the start of
the simulation is referenced by a left superscript zero, h refers to an angular measure counter clock-wise away
from the x2-axis, the initial bond length is denoted by
0b (1.39 A˚), and inner displacements (discussed in the
next section) of atom 1 in the x1 and h directions are denoted by gx1 and gh, respectively.3.4. Inner displacements
For large deformations, the Bravais multi-lattice should be relaxed using inner displacements (Tadmor
et al., 1996, 1999; Arroyo and Belytschko, 2003). These inner displacements allow atom 1 to move relative
to atoms 2, 3, and 4 such that a lower minimum energy state can be achieved – this is equivalent to one of
the lattices moving rigidly relative to the other. Use of the inner displacements in the formulation is dis-
cussed in Section 5.2, while results in which the rve is relaxed, versus remaining unrelaxed, are presented
in Section 6.4. Finite element formulation
The ﬁrst-order governing equations are now specialized to the case of a nanotube in an initially straight
conﬁguration (i.e., j = K). Further simpliﬁcation of the equations results when the mass of the atoms is locally
averaged over the nanotube surface, in which case the mass center of any cross-section is located on the center-
line (i.e., x2 ¼ x3 ¼ 0), and the cross-section has radial symmetry (i.e., i23 = 0). Note that this simpliﬁcation
becomes increasingly more appropriate as the nanotube radius increases, and thereby the number of atoms
increases. With the above simpliﬁcations the governing equations reduce to,l _V ¼ F 0 þ K  F þ f X lV ; ð19aÞ
i1 _X1
i2 _X2
i3 _X3
264
375 ¼M 0 þ K M þ ðe1 þ cÞ  F þmX i1X1i2X2
i3X3
264
375; ð19bÞ
_K ¼ X0 þ K X; ð19cÞ
_c ¼ V 0 þ K  V þ ðe1 þ cÞ X; ð19dÞwhere i1  i2 + i3 has been introduced.
The governing equations as stated above, with an appropriate selection of boundary conditions, denote a
so-called strong form. The weak form is more convenient from a ﬁnite element standpoint and can be devel-
oped from the strong form using virtual velocities and deformation measures dV and dX. Unlike the actual
velocities, the virtual velocities are allowed to satisfy homogenous boundary conditions at the domain ends.
Taking the inner product of each equation with the appropriate virtual quantity yields the following weak
form, Z
l _V  dV dx1 ¼
Z
ðF 0 þ K  F þ f X lVÞ  dV dx1; ð20aÞ
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i2 _X2
i3 _X3
264
375
T
dX1
dX2
dX3
24 35dx1 ¼ Z M 0 þ K M þ ðe1 þ cÞ  F þmX i1X1i2X2
i3X3
24 350@ 1AT dX1dX2
dX3
24 35dx1; ð20bÞ
Z
_K  dXdx1 ¼
Z
ðX0 þ K XÞ  dXdx1; ð20cÞZ
_c  dV dx1 ¼
Z
ðV 0 þ K  V þ ðe1 þ cÞ XÞ  dV dx1: ð20dÞSpatial derivatives of the non-interpolated internal forces can be shifted to the virtual velocities through an
integration by parts. Applying the homogenous boundary conditions to the virtual velocities allows the ﬁrst
two governing equations to be rewritten as,Z
l _V dVdx1¼
Z
F dV 0dx1þ
Z
ðKFþ f XlVÞ dVdx1; ð21aÞ
Z i1 _X1
i2 _X2
i3 _X3
264
375
T
dX1
dX2
dX3
264
375dx1¼Z M  dX
0
1
dX02
dX03
264
375dx1þZ KMþðe1þcÞFþmX i1X1i2X2
i3X3
264
375
0B@
1CA
T
dX1
dX2
dX3
264
375dx1:
ð21bÞ
Next the center-line distance x1, the deformation state measures (V,X,K,c) and the virtual velocities
(dV,dX) are interpolated for an element, x1 = [0, l], in the usual manner using shape functions NI(n) and nodal
values,x1 ¼ NIðnÞxI1; V ¼ NIðnÞV I ; X ¼ NIðnÞXI ; K ¼ NIðnÞK I ;
c ¼ NIðnÞcI ; dV ¼ NJ ðnÞdV J ; dX ¼ NJðnÞdXJ ;
ð22Þwhere n represents a natural coordinate assuming values from 1 to 1 and where nodal quantities are indi-
cated by a superscript I or J ranging from 1 to n, the number of element nodes. Repeated indices denote sum-
mation in the usual sense. Introducing the interpolated quantities into the governing equations, evaluating
inner products, and recognizing that the expressions must hold for all allowable virtual velocity ﬁelds results
in the semi-discrete equations,laJI _V Ik ¼ eF Jk  lcJIKXIi V Kj eijk; ð23aÞ
aJI ik _XIk|{z}
no sum
on k
¼ eMJk  cJIKXIi ð ijXKj|ﬄ{zﬄ}
no sum
on j
Þeijk; ð23bÞ
aJI _KIk ¼ bJIXIk þ cJIKKIiXKj eijk; ð23cÞ
aJI _cIk ¼ bJIV Ik þ cJIKKIi V Kj eijk þ cJIKðcIi þ di1ÞXKj eijk; ð23dÞwhereaJI ¼
Z 1
1
NJNIJdn; b
JI ¼
Z 1
1
NJNI;n
on
ox1
Jdn; cJIK ¼
Z 1
1
NJNINKJdn; with J ¼ dx1
dn
  ð24Þ
are quantities which are invariant with respect to the deformation state (i.e., in the subsequent simulations can
be calculated initially and re-used at each later time interval), eijk denotes the permutation index operator and
di1 denotes the Kronecker delta, and internal force terms requiring integration are represented by the quan-
tities eF Jk and eMJk given explicitly by,eF Jk ¼ Z 1
1
ðF kN 0J þ NINJKIi F jeijk þ fkNJ ÞJdn; ð25aÞ
eMJk ¼ Z 1
1
ðMkN 0J þ NINJKIiMjeijk þ NINJðcIi þ di1ÞF jeijk þ mkNJ ÞJdn: ð25bÞ
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gration of the semi-discrete equations, (25a), (25b) are integrated spatially using Gauss integration with the
internal forces and moments being calculated via multiple representative volume elements at each Gauss point,
as discussed in Section 5.1.
5. Implementation for a three-noded element
The formal ﬁnite element formulation detailed in Section 4 has been implemented in the form of a three-
noded nanotube element integrated temporally using a 2nd order-accurate Heun Predictor-Corrector integra-
tion. Multiple elements are assembled using a standard procedure (Hughes, 1987). Note that the assembly
enforces continuity of the deformation state and hence the elements exhibit a high-degree of inter-element con-
tinuity – strains and curvatures are continuous across element boundaries. This is in contrast to only displace-
ment, and possibly slope, continuity as seen in more traditional beam-like formulations.
5.1. Shape functions and constants
The shape functions used for the three-noded element are given as follows:Table
Tabula
aJI
J = 1
J = 2
J = 3
bJI
J = 1
J = 2
J = 3N 1 ¼ 1
2
nðn 1Þ; N 2 ¼ 1 n2; N 3 ¼ 1
2
nðnþ 1Þ; ð26Þwhere each shape function evaluates to one at its home location and zero at other nodal locations. Various
quantities can now be evaluated. The expressions aJI, bJI, and cJIK are functions of undeformed arc length
x1 and therefore need only be computed once and retained for the entire length of the simulation. Tabulated
numerical values for aJI, bJI are given in Table 1 and can be used for all three-noded elements. Twenty-seven
values for cJIK are also calculated, but are not presented here in the interest of brevity.
Calculation of eF Jk and eMJk is dependent on the current deformation state of the element and must be per-
formed at each time step. These expressions are computed using a Gauss quadrature routine where at each x1
Gauss point the energy of four equally distributed (perimeter-wise) rve’s is computed and averaged, as per the
discussion of Section 3.3. Considerable eﬃciency gains can be achieved by calculating some of the derivatives
present in (17) using ﬁnite diﬀerences, and saving the results for re-use over multiple time steps. Since small
time steps will be taken using an explicit procedure, little error is introduced in doing so if the total elapsed
time between recalculation (and thus the change in the deformation state) is small. This strategy is carried
out for
orij
oc ;
ohijk
oc ;
orij
oj , and
ohijk
oj at each of the four rve’s at each Gauss point. Note that closed-from expressions
are easily derived for
oErve
stretch
orij
and
oErve
angle
ohijk
and therefore these expressions are evaluated exactly at each time step.1
ted coeﬃcients for the three-noded element where l is the element length
I = 1 I = 2 I = 3
2
15
l
1
15
l  1
30
l
1
15
l
8
15
l
1
15
l
 1
30
l
1
15
l
2
15
l
I = 1 I = 2 I = 3
 1
2
2
3
 1
6
 2
3
0
2
3
1
6
 2
3
1
2
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An inner displacement calculation can also be done at each time step that new values of
orij
oc ;
ohijk
oc ;
orij
oj , and
ohijk
oj
are calculated. The inner displacements of the Bravais lattices, gx1 and gh, at each of the four rve’s at each
Gauss point, are found using a Newton-Raphson routine which computes the gx1 and gh required to minimize
the rve energy. During this calculation, the deformation state (K,c) and the current time are held constant
resulting in quasi-static displacements. Note that for small deformations, inner displacements may be unnec-
essary for the rve energy to be approximately stationary.
5.3. Temporal integration
The semi-discrete ﬁnite element Eq. (23) must still be integrated temporally to compute the nanotube
response. In this study, an explicit 2nd order-accurate Heun Predictor-Corrector algorithm, incorporating a
lumped mass matrix, has been chosen for the computations. Casting (23) into the standard form3 Th
conser
techniq½M  dy
dt
¼ fðy; tÞ; ð27Þwhere [M] has been diagonalized using the ‘‘special lumping technique’’3 (Hughes, 1987), the integration in
time proceeds with two steps. First, a predictor ~ynþ1 is computed via~ynþ1 ¼ yn þ ½M1  ðDt  fðyn; tnÞÞ; ð28Þ
where subscript n denotes an already-calculated value at a previous time tn, tn+1 denotes the current time, Dt
denotes the time step, and [M1] is a trivial inverse in the sense that [M1]ii = 1/Mii, no sum on i intended. The
corrector step then follows to yield the desired state at tn+1,ynþ1 ¼ yn þ
Dt
2
½M1  ðfðyn; tnÞ þ fð~ynþ1; tnþ1ÞÞ: ð29ÞThe use of a more sophisticated integrator, preferably with stabilization of higher modes, will be considered in
future work.
6. Example simulation results
Although the formulated nanotube element is expected to be incorporated into a more general framework
capable of evaluating the mechanical response of a nanocomposite (e.g., ﬁber-like nanotubes embedded in a
traditional matrix material), example simulations of (10,10) and (100,100) armchair nanotubes in vacuum are
presented in this study in order to ﬁrst assess the accuracy of the formulation, and to illustrate the nanotube’s
inherent response to a variety of loading. Validation simulations are presented for moderate deformation of
the order likely in a typical composite material application, while a ﬁnal large deformation simulation is pre-
sented which illustrates complex nanotube bulk dynamics that can occur due to the large aspect ratio (length
to diameter) of a typical tube. For all simulations presented, four-point Gauss quadrature is employed to inte-
grate eF Jk and eMJk , and a three element (equal) discretization is used to represent the nanotube, although the
development is general enough to include any number of Gauss points or elements. The simulation code is
also general enough to include tubes of arbitrary chirality (n,m) and of any desired aspect ratio. Unlike a
Molecular Dynamics simulation, the length of the tube, and thus the number of simulated atoms, does not
have an eﬀect on the computation time.
The simulation units used are in large part chosen to correspond with atomic-scaled units. Lengths are
expressed in Angstroms (1 A˚ = 1 · 1010 m) while forces are expressed as electron volts per Angstrom
(eV/A˚; 1 eV = 1.60217646 · 1019 Nm). Mass is expressed in terms of atomic mass units (1 amu = 1.660e special lumped massing technique preserves the relative mass ratios of the diagonal terms in the consistent mass matrix, and also
ves the total mass. Note that the ‘‘mass matrix’’ associated with (23c), (23d) is not a real mass matrix – however, the same lumping
ue is used with these equations.
Table 2
Parameter space for the (10,10) armchair nanotube used in the equilibrium response simulations
l
(A˚)
r
(A˚)
l
(amu/A˚)
i1
(amu A˚)
i2
(amu A˚)
i3
(amu A˚)
dV
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp =A˚Þ dXðA˚ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp Þ dKð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ dcð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ
300 6.875 710 7100 7100 7100 12 48 0.12 0.48
Coeﬃcients used for the proportional damping elements are given by dV, dX, dK, and dc.
886 M.J. Leamy / International Journal of Solids and Structures 44 (2007) 874–894538 73 · 1027 kg). As a result of these choices, the time unit is determined to be A˚
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
amu=eV
p
which is equiv-
alent to 1.018 · 1014 s, or approximately one one-hundredth of a picosecond. Heretofore, the unit of time
measure A˚
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
amu=eV
p
will simply be referred to as the time unit.
6.1. Equilibrium response
Using the developed formulation, the equilibrium response of a (10,10) armchair nanotube is computed
and compared using similar results from the literature. In order to achieve an equilibrium state, damping is
introduced through proportional damping elements which simply resist relative nodal changes in Vk, Xk,
Kk, ck
4 while mass-scaling is utilized to increase the stable time step individually for each equation. Note that
eight damping elements exist for each three-noded nanotube element – two rectilinear damping elements sit-
uated between local nodes one and two, and between local nodes two and three; similarly two rotational
damping elements, two curvature damping elements, and two strain damping elements. The parameter space
for the (10,10) nanotube is given in Table 2 while a depiction of the nanotube discretization is shown in Fig. 4.
The ﬁrst computed results given in Fig. 4 illustrate bending response of the (10,10) armchair nanotube loaded
at the ends by equal and opposing bending moments in the B3 direction. No inner displacements are computed
during the simulation and hence the results are termed unrelaxed. The center node (global node 4) is constrained
to have zero velocities (rectilinear and angular) to prevent drifting of the solution. The moments are ramped up
linearly in time from zero to their ﬁnal value of 35 eV at time 1.5 · 104 units. Damping is such that the simulation
proceeds nearly quasi-statically to its ﬁnal equilibrium conﬁguration. Note that all damping coeﬃcients are
ramped down to zero in a quadratic manner beginning at time 3.5 · 104 units and ending at time 5 · 104 units.
For completeness, all state time-histories (12 in total) are presented in Fig. 4. Of interest speciﬁcally is the
third curvature component time-history given in the ﬁrst sub-ﬁgure. The nanotube’s equilibrium curvature of
13.8 A˚1 results in a substantial angle of bending of roughly 24. From this result, an average nanotube
bending stiﬀness can be calculated as M3/K3 = (35 eV)/(13.8 · 104A˚1) = 2. 53 eV lm. For comparison,
an approximate bending stiﬀness of 2.60 eV lm can be calculated using the elastic theory of beam bending
(Srivastava et al., 2003). The bending expression from this theory is Yhpr3 where Y is Young’s modulus (taken
as 1.2 a), h is the van der Waal radius of a single carbon atom (3.4 A˚), and r is the (10,10) nanotube radius
(6.875 A˚). Note that the two bending stiﬀness values compare favorably and serve as a ﬁrst veriﬁcation of the
presented formulation. A comparison can also be made with a simulation in which lattice relaxation is per-
formed using inner displacements. Results for the third component of curvature are given in Fig. 5 when inner
displacements are calculated every one-hundred time steps ceasing at time 2.0 · 104 units. Notice that the pre-
dicted equilibrium curvature is now 15.4 A˚1 leading to a bending stiﬀness of 2.3 eV lm, which as expected, is
lower than that calculated without relaxation. For small deformations, the added numerical instabilities (as
evident in the high frequency content of Fig. 5) associated with a relaxation step, and hence an abrupt system
stiﬀness change, must be weighed versus the incremental change in the system response. As a ﬁnal remark, the
only other deformation state variable of signiﬁcance is the axial strain c11, whose time-history demonstrates a
residual value at equilibrium of 0.03%. This residual strain is also present in simulations where the loading is
absent, and indicates that the initial conﬁguration used (dictated by the initial bond lengths [1.39 A˚], bond
angles [p/3 rads], and tube radius [6.875 A˚]) closely, but not exactly, approximates the actual unloaded equi-
librium conﬁguration.4 This damping is not strictly nonconservative since the absolute direction of Bi varies from node to node in the deformed conﬁguration.
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Fig. 4. Bending response of a (10,10) armchair nanotube without lattice relaxation.
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given in Fig. 6a in which the axial strain time-history is shown for an applied end force of 30 eV/A˚ in the B1
direction at global node 7. In this simulation, global node 1 is held ﬁxed by enforcing zero values for its rec-
tilinear and angular velocities. In all other respects, the simulated nanotube and its loading and damping are
identical to that used to compute the bending response. As evident in Fig. 6a, the equilibrium axial strain is
computed to be 3.11%. This value can be used to calculate an equivalent Young’s mdulus when the cross-sec-
tional area is taken to be that of an annular region in which the outer radius is the 6.875 A˚ and the inner radius
diﬀers by the van der Waal radius of a single carbon atom (3.4 A˚). The calculation for the Young’s modulus
then yields a value of 1.4 TPa, which is well within the reasonable range of values calculated by several pre-
vious methods (Srivastava et al., 2003; Zhang et al., 2004). Note that if lattice relaxation is performed
(Fig. 6b), the computed Young’s modulus drops to 1.3 TPa.
A ﬁnal illustration of the damped (10,10) armchair’s response to loading is given in Fig. 7 in which time-
histories for unrelaxed and relaxed lattices are carried out for a twisting moment simulation (35 eV in the B1
direction applied at node 7). The boundary conditions employed are the same as in the axial extension
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888 M.J. Leamy / International Journal of Solids and Structures 44 (2007) 874–894simulation. For the unrelaxed lattice, the equilibrium axial curvature is computed to be 1.76 · 103 A˚1 while
the equilibrium axial curvature for the relaxed lattice is computed to bes 2.37 · 103 A˚1. This results in pre-
dicted average torsional stiﬀnesses of 1.99 eV lm and 1.48 eV lm, respectively. For a comparison, elastic
beam theory predicts an approximate torsional stiﬀness of 1.3 eV lm computed from the expression
G(2ph)r3 where G is the shear modulus (taken as 0.30 TPa (Srivastava et al., 2003)). Reasonable agreement
between a result predicted in this study and an approximate one predicted by a simpliﬁed continuum model
can again be documented.
6.2. Bulk dynamic response
In order to illustrate bulk dynamic carbon nanotube behavior, and to further validate the presented for-
mulation, the undamped dynamic response of a (100,100) armchair carbon nanotube is ﬁrst presented in this
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Fig. 5. Bending response of a (10,10) armchair nanotube with lattice relaxation.
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Fig. 7. Axial rotation of a (10,10) armchair nanotube (a) without lattice relaxation and (b) with lattice relaxation.
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Table 3
Parameter space for the (100,100) armchair nanotube used in the bulk dynamic response validation
l
(A˚)
r
(A˚)
l
(amu/A˚)
i1
(amu A˚)
i2
(amu A˚)
i3
(amu A˚)
dV
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp =A˚Þ dXðA˚ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp Þ dKð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ dcð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ
900 68.75 1953.5 9.233 · 106 4.617 · 106 4.617 · 106 0 0 0 0
890 M.J. Leamy / International Journal of Solids and Structures 44 (2007) 874–894section. Simulations were performed using the parameter space given in Table 3. The loading consists of a
transverse follower end force (in the B2 direction) ramped up linearly in time from zero to its ﬁnal value of
3.75 eV/A˚ at time 1.0 · 103 units. Since the extensional, torsional, and bending stiﬀnesses have already been
validated in Section 6.1, the frequencies exhibited during the dynamic response should be accurate if mass-like
quantities such as the mass per unit length l and the moments of inertia per unit length (i1,i2,i3) are accurately
captured. The mass accounting is shown to be accurate through a comparison of the fundamental bending
frequency predicted in the present approach, to that predicted by elastic beam theory.
Appropriate mass-like quantities (l, i1, i2, i3) for the (100,100) armchair nanotube can be determined using
the atoms present in a single unit cell. A (100,100) armchair has 400 unique atoms in each unit cell, where the
height h of that cell is 2.46 A˚. Taking the mass of a carbon atom to be 12.014 amu, the mass per unit length l is
then calculated as the mass of the unique carbon atoms divided by the unit cell height h, or 1953.5 amu/A˚. The
polar moment of inertia i1, is calculated in a similar manner: each atom contributes to the moment of inertia
its mass multiplied by the radius squared. The polar moment of inertia per unit length is then the total sum
divided by height h. Since the nanotube has a circular cross-section, the remaining two moments of inertia per
unit length are found from the polar by multiplying by one-half. The resulting numerical values are given in
Table 3.
Time-history results for a tip-loaded (100,100) armchair nanotube ﬁxed at the opposite end are presented in
Fig. 8. The completed simulation requires just over 6 min of cpu time on a single 1.6 GHz processor laptop
and accounts for 146,341 atoms. Time-histories signiﬁcantly contributing to the total response are the bending
curvature K3 and transverse shear c2, together with their associated velocities X3 and V2. Due to the rapid
application of the end load, compared to the fundamental bending period, the load excites several vibration
modes as is evident in the time-histories. Expected trends in the curvature and transverse velocity response are
recovered: the curvature K3 is greatest at the ﬁxed end (node 1) and is zero at the free end (node 7) while the
transverse velocity V2 exhibits the opposite trend. The curvature time-history also can be used to predict a
fundamental bending frequency of 7.45 GHz.
Elastic beam theory for a cantilevered beam provides a comparison test case for the bending frequency pre-
dicted using the present formulation. The expression for the natural frequency [18] is x ¼ b2
l2
ﬃﬃﬃﬃ
YI
qA
q
where b for
the fundamental mode is given as 1.875 and qA is recognized to be the mass per unit length l. The appropriate
expression for the moment of inertia I is hpr3 where h is the van der Waal radius of a single carbon atom as per
Section 6.1. With this information, the elastic theory yields a natural frequency of 49.2 · 109rad/sec, or 7.83
GHz. Note that this compares to within 5% of the fundamental bending frequency predicted by the ﬁnite ele-
ment model.
A ﬁnal example illustrates the large-deformation response of an undamped (10,10) armchair nanotube to
end-loading similar in spirit to that applied by an atomic force microscope (afm) in a mechanical testing pro-
cedure or in a candidate assembly procedure. The parameter space for this nanotube is given in Table 4. The
end load simulated increases linearly to a maximum value of 37.5 · 103eV/ A˚ at time 1.0 · 104 units before
decreasing linearly to zero starting at time 8.0 · 104 units and ending at time 1.0 · 105 units. A rigid constraint
ﬁxes the nanotube at its opposite end.
Results for this ﬁnal simulation are presented as a visual rendering of the nanotube at evenly spaced inter-
vals in time. Due to the use of curvatures and strains in the state description, the location of the nanotube’s
conﬁguration in space requires additional processing over a standard Cartesian description. Speciﬁcally,
points are ﬁrst generated sequentially starting from the nanotube end (its center-line location in space and
the orientation of its basis vectors Bi being speciﬁed) using the Taylor expansion for the center-line
R(x1 + dx1), for points on the nanotube surface R*(x1 + dx1), and for the updated basis vectors Bi(x1 + dx1).
Table 4
Parameter space for the (10,10) armchair nanotube used in the large-deformation bulk dynamic response simulation
l
(A˚)
r
(A˚)
l
(amu/A˚)
i1
(amu A˚)
i2
(amu A˚)
i3
(amu A˚)
dV
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp =A˚Þ dXðA˚ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃamu  eVp Þ dKð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ dcð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeV=amup Þ
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Fig. 8. Undamped bending time-histories for a tip-loaded (100,100) armchair nanotube ﬁxed at the opposite end.
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and the interpolation functions (22). This procedure is carried out from one end to the other in increments dx1
and establishes a user-deﬁned number of circumferential points around the cross-section and along the nano-
tube axis. Quadrilaterals spanning dx1 are then deﬁned using the points and are rendered with the aid of
OpenGL library calls.
As depicted in snapshots from the nanotube visualization shown in Fig. 9, the forced (10,10) nanotube
exhibits a complex dynamic response during the simulated assembly procedure. Initially, the nanotube ‘winds
up’ and deformation is localized to its forced end. As time proceeds, a more characteristic tip-loaded bending
Fig. 9. Snapshots of the undamped dynamic response of a (10,10) armchair nanotube to a follower end load spaced at intervals of 5 · 103
time units (a) for the loading phase starting at time 0.0 and ending at 8.0 · 104 (green) and (b) the unloading phase starting at time
8.0 · 104 and ending at time 1.5 · 104 (green). Note that the force is rendered only twice in (a) for illustration purposes, but is present at
each snapshot. (For interpretation of colour in this ﬁgure legend the reader is referred to the web version of this article.)
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end, and near-absent curvature at the loading end. After time 3.0 · 104 time units [snapshot 6 in sub-ﬁgure (a)]
the follower load contains a component of force in the negative vertical direction, causing the nanotube’s con-
ﬁguration to ﬂatten and resemble a horseshoe. During this time tip oscillations are present. Following the
release of the load starting at time 8.0 · 104 units, the nanotube exhibits large oscillations with prominent sec-
ond and third bending mode content.
7. Future work
The need to model and understand the mechanics underlying nancomposite response and nanotube assem-
bly, among others, motivated the development of the present nanotube ﬁnite element. A follow-on eﬀort
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etc.) can be envisioned in which distributed forces and moments along the nanotube exterior, f and m in
(19) respectively, form the basis for modeling interaction between the nanotube ﬁber and a matrix material.
Note that these stress resultants have not been utilized in the present development. In the nanocomposite
model suggested, the matrix material would also be modeled using reduced-order elements allowing general-
ized interactions with the nanotube ﬁber, most likely through equivalent nodal loads. As an example, the
resulting model could hold promise for capturing ﬁber pull-out known to be problematic in present
nanocomposites.
Other follow-on eﬀorts could also beneﬁt from the reduced model herein, including additional modeling to
capture the known strong coupling between nanotube electrical properties and its mechanical deformation.
This is of interest in possible replacements for CMOS technology in which nanocircuits would be fabricated
from CNTs. It can be expected, for example, that heat build-up in the constrained microprocessor could lead
to ﬂexing of the circuits and therefore altered electrical performance of the nanotubes. Finally, the modeling
approach may be valid for developing reduced-order models of other chain-like materials, such as DNA, pro-
teins, or (conductive) polymers.
8. Conclusions
An anisotropic continua formulation and visualization procedure have been presented for eﬃcient reduced-
order modeling of carbon nanotubes in which the intrinsic deformation metrics are taken as curvatures and
strains. The material constitutive modeling is derived directly from an atomistic potential and a four-atom rep-
resentative volume element. An explicit, dynamic ﬁnite element framework has also been developed which can
be used to simulate the bulk dynamic response of a nanotube to external loading. The resulting computational
model has a number of advantages over other continuum and Molecular Dynamics formulations, including
low-order interpolation functions which describe generally curved and twisted nanotube center-lines using a
greatly reduced number of degrees of freedom; absence of ﬁnite rotational variables; and matching of inter-
element displacements, slopes, and curvatures at the element boundaries. The equilibrium and/or bulk
dynamic conﬁgurations of example carbon nanotubes in response to bending, axial extension, and torsional
loading have been computed and compared to known results in the literature, with good agreement docu-
mented in all cases. It is anticipated that the eﬃciency of the presented nanotube ﬁnite element will favor
its use in a more general framework, such as for simulating nanotube-reinforced composites or the sorting
and assembly process of a large collection of carbon nanotubes.
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